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a b s t r a c t
For a connected graph G = (V , E), an edge set S ⊂ E is a k-restricted edge cut if G − S is
disconnected and every component of G − S contains at least k vertices. The k-restricted
edge connectivity of G, denoted by λk(G), is defined as the cardinality of a minimum k-
restricted edge cut. For U1,U2 ⊂ V (G), denote the set of edges of Gwith one end in U1 and
the other end in U2 by [U1,U2]. Define ξk(G) = min{|[U, V (G)\U]| : U ⊂ V (G), |U| = k ≥
1, and the subgraph induced by U is connected}. A graph G is λk-optimal if λk(G) = ξk(G).
Let k be a positive integer, and let G be a connected triangle-free graph of order n ≥ 2k.
In this paper, we prove that (a) If d(u) + d(v) ≥ 2b n+24 c + 1 for each pair u, v ∈ V (G)
such that the distance between u and v is 2, then G is λ2-optimal; (b) If there are at least
k common vertices in the neighbor sets of each pair of nonadjacent vertices in G, then G is
λk-optimal.
© 2009 Elsevier B.V. All rights reserved.
1. Terminology and introduction
A network can be conveniently modeled as a graph G = (V , E). A classical measurement of the fault tolerance of a
network is the edge connectivity λ(G). In general, the larger the λ(G) is, the more reliable the network is. Denote by δ(G)
the minimum degree of G. It is well known that λ(G) ≤ δ(G). A graph Gwith λ(G) = δ(G) is said to be λ-optimal.
As a more refined index than the edge connectivity, the restricted edge connectivity was proposed by Esfahanian and
Hakimi [6]. An edge set S ⊂ E(G) is said to be a restricted edge cut if G − S is disconnected and every component of
G − S contains at least 2 vertices. The restricted edge connectivity of G, denoted by λ′(G), is defined as the cardinality of
a minimum restricted edge cut of G. Wang and Li [19] proved that the reliability of the network increases with λ′(G). For
an edge uv in G, let ξG(uv) = d(u) + d(v) − 2 be the edge degree of edge uv. Define the parameter minimum edge degree
ξ(G) = min{ξG(e) : e ∈ E(G)}. In [6], the authors proved that λ′(G) ≤ ξ(G) holds if G is a graph of order n ≥ 4 and is not
isomorphic to the star K1,n−1. A graph Gwith λ′(G) = ξ(G) is said to be λ′-optimal. The sufficient conditions of λ′-optimality
have been studied by several authors, see [1–3,8,9,11,12,17].
Fàbrega and Fiol [7] proposed the more general concept of k-restricted edge connectivity (called extra connectivity in
their paper). For a connected graph G, an edge set S ⊂ E(G) is called a k-restricted edge cut if G − S is disconnected
and every component of G − S contains at least k vertices. The k-restricted edge connectivity of G, denoted by λk(G), is
defined as the cardinality of a minimum k-restricted edge cut of G. Clearly, λ1(G) = λ(G) and λ2(G) = λ′(G). It should
be emphasized that not all connected graphs have k-restricted edge cuts. A connected graph G is said to be λk-connected
if G does have a k-restricted edge cut. Sufficient conditions for graphs to be λk-connected have been shown by several
authors [5,13,14]. According to recent studies on the k-restricted edge connectivity of G, it seems that the larger the λk(G)
is, the more reliable the network is. Therefore, we expect λk(G) to be as large as possible in designing networks. For
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two disjoint vertex sets U1,U2 ⊂ V (G), denote by [U1,U2] the set of edges with one end in U1 and the other in U2. If
U1 = {u}, then [U1,U2] is abbreviated as [u,U2]. Similarly, if U2 = {v}, then [U1,U2] is abbreviated as [U1, v]. We use
G[U] to denote the subgraph of G induced by U ⊆ V (G), and use U = V (G) \ U to denote the complement of U . Define
ξk(G) = min{|[U,U]| : U ⊂ V (G), |U| = k ≥ 1 and G[U] is connected}. Clearly, ξ1(G) = δ(G) and ξ2(G) = ξ(G). It has been
shown that λk ≤ ξk holds for many graphs [14,15,21,22]. A connected graph G with λk(G) = ξk(G) is said to be λk-optimal.
Several researchers have studied the sufficient conditions for a graph to be λk-optimal, including Ou [15], Yuan et al. [20],
Zhang and Yuan [21,22].
For graph-theoretical terminology and notation not defined here, we follow [4]. In this paper, we consider only finite,
undirected, and simple graphs G with the vertex set V (G) and the edge set E(G). Let u, v ∈ V (G). The distance between u
and v in G, denoted by distG(u, v), is the length of the shortest path from u to v in G. The diameter of G is the maximum
distance between two vertices of G. Let U be a vertex subset of V (G). Define the open neighborhood NG(U) of U in G as the
set {v ∈ U : |[v,U]| ≥ 1}. For distG(u, v) and NG(U), we will usually omit the subscripts for the graph when no confusion
arises. An edge subsetM of E(G) is called a matching in G if no two edges ofM are adjacent in G.M is a maximummatching
if G has no matching M ′ with |M ′| > |M|. A subset S of V (G) is called an independent set of G if no two vertices of S are
adjacent in G. An independent set S is maximum if G has no independent set S ′ with |S ′| > |S|. The number of vertices in
a maximum independent set of G is called the independence number of G and is denoted by α(G). A subset K of V (G) such
that every edge of G has at least one end in K is called a covering of G. A covering K is minimum if G has no covering K ′ with
|K ′| < |K |. The number of vertices in a minimum covering of G is called the covering number of G and is denoted by β(G). A
vertex set U ⊂ V (G) is called a λk-fragment if [U,U] is a k-restricted edge cut of Gwith |[U,U]| = λk(G). For a λk-fragment
U , it is easy to see that G[U] and G[U] are both connected.
In this paper, wemainly study the sufficient conditions for λk-optimality in triangle-free graphs. The λ′-optimal triangle-
free graphs have already been characterized by several authors; please refer to [9,10,18]. In this paper, inspired by the ideas
in [9,10], we improve and generalize some results obtained by Hellwig and Volkmann. Here, we first present these results
from [9,10].
Theorem 1.1 ([9]). Let G be a λ′-connected triangle-free graph. If
|N(u) ∩ N(v)| ≥ 2
for all pairs u, v of nonadjacent vertices, then G is λ′-optimal.
Theorem 1.2 ([10]). Let G be a λ′-connected bipartite graph of order n ≥ 10 and minimum degree δ(G) ≥ 3. If d(u)+ d(v) ≥
2b n+24 c + 2 for each pair u, v ∈ V (G) with dist(u, v) = 2, then G is λ′-optimal.
In Section 2, we present a sufficient condition for a triangle-free graph to be λ′-optimal, which improves Theorem 1.2. In
Section 3, a sufficient condition for a triangle-free graph to be λk-optimal is proved, which generalizes Theorem 1.1.
2. λ′-optimality in triangle-free graphs
Now, we shall show a sufficient condition for a triangle-free graph to be λ′-optimal. We start with a result obtained by
Esfahanian and Hakimi.
Theorem 2.1 ([6]). Each connected graph G with order n ≥ 4, except for the star K1,n−1, is λ′-connected and satisfies λ′(G) ≤
ξ(G).
Lemma 2.2. Let G be a λk-connected graphwith λk(G) ≤ ξk(G), and let U be a λk-fragment of G. If there is a connected subgraph
H of order k in G[U] such that
|[V (H),U \ V (H)]| ≤ |[U \ V (H),U]|,
then G is λk-optimal.
Proof. By assumption, we have
ξk(G) ≤ |[V (H), V (H)]|
= |[V (H),U \ V (H)]| + |[V (H),U]|
≤ |[U \ V (H),U]| + |[V (H),U]|
= |[U,U]| = λk(G).
Since λk(G) ≤ ξk(G), it follows that λk(G) = ξk(G) and hence G is λk-optimal. The proof is completed. 
Theorem 2.3. Let G be a connected triangle-free graph with order n ≥ 4. If d(u)+d(v) ≥ 2b n+24 c+1 for each pair u, v ∈ V (G)
with dist(u, v) = 2, then G is λ′-optimal.
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Proof. By assumption, we have that d(u) + d(v) ≥ 3 for each pair u, v ∈ V (G) with dist(u, v) = 2. It follows that G is not
the star K1,n−1. By Theorem 2.1, G is λ′-connected and λ′(G) ≤ ξ(G).
It suffices to show that λ′(G) ≥ ξ(G). Let [U,U] be a λ′-cut with 3 ≤ |U| ≤ |U|. This implies that |U| ≤ n2 . Choose an
edge uv in G[U] such that
ξG(uv) = min{ξG(e) : e ∈ E(G[U])}.
Based on the choice of the edge uv, each x ∈ N(u) ∩ U satisfies that d(x) ≥ d(v). Since G is triangle-free, we have that
dist(x, v) = 2 for each x ∈ N(u) ∩ U . Hence, the assumption implies that d(x) ≥ d d(x)+d(v)2 e ≥ b n+24 c + 1. Similarly, we
have that d(y) ≥ b n+24 c + 1 for each y ∈ N(v) ∩ U . Therefore,
d(z) ≥
⌊
n+ 2
4
⌋
+ 1 (2.1)
for any z ∈ NG[U](u) ∪ NG[U](v). Denote I1(u) = {x : x ∈ (N(u) ∩ U) \ {v}, |[x,U]| ≥ 1.}, I2(u) = (N(u) ∩ U) \ ({v} ∪
I1(u)), I1(v) = {y : y ∈ (N(v)∩ U) \ {u}, |[y,U]| ≥ 1.}, I2(v) = (N(v)∩ U) \ ({u} ∪ I1(v)). Since G is triangle-free, we have
that Ii(u) ∩ Ij(v) = ∅ for i, j ∈ {1, 2}. Consider the following two cases.
Case 1. I2(u) = ∅ and I2(v) = ∅.
By Ii(u) ∩ Ij(v) = ∅ and Ii(u) ∪ Ij(v) ⊆ U \ {u, v}, it can be deduced that
|[{u, v},U \ {u, v}]| = |I1(u)| + |I2(u)| + |I1(v)| + |I2(v)|
= |I1(u)| + |I1(v)|
≤ |[I1(u),U]| + |[I1(v),U]|
≤ |[U \ {u, v},U]|.
By Lemma 2.2, G is λ′-optimal.
Case 2. I2(u) 6= ∅ or I2(v) 6= ∅.
Without loss of generality, assume that I2(u) 6= ∅. Letw be an arbitrary vertex in I2(u). By (2.1), we have that
|N(w)| = d(w) ≥
⌊
n+ 2
4
⌋
+ 1. (2.2)
Since G is triangle-free, we have that N(w) ∩ (I1(u) ∪ I2(u)) = ∅. Suppose that N(w) ∩ I2(v) 6= ∅ and say w′ ∈
N(w) ∩ I2(v). By (2.1), |N(w′)| = d(w′) ≥ b n+24 c + 1. Since G is triangle-free, we have that N(w) ∩ N(w′) = ∅. Thus,|U| ≥ |N(w)| + |N(w′)| ≥ n2 + 1, which contradicts |U| ≤ n2 . Therefore, N(w)∩ (I1(u)∪ I2(u)∪ I2(v)) = ∅. Combining this
with Ii(u) ∩ Ij(v) = ∅ for i, j ∈ {1, 2}, |U| ≤ n2 and (2.2), we have that
|I2(u)| + |I2(v)| ≤ |U| − |N(w)| − |I1(v) \ N(w)| − |I1(u)|
≤ n
2
−
⌊
n+ 2
4
⌋
− 1− |I1(v) \ N(w)| − |I1(u)|
≤ n− 2
4
− |I1(v) \ N(w)| − |I1(u)|. (2.3)
Letw1, w2 be two arbitrary vertices inN(w). SinceG is triangle-free, it follows that dist(w1, w2) = 2 and thatwi (i = 1, 2)
is not adjacent to any vertex in N(w). This implies that dG[U](wi) ≤ |U| − |N(w)|. Therefore,
2
⌊
n+ 2
4
⌋
+ 1 ≤ d(w1)+ d(w2)
= dG[U](w1)+ |[w1,U]| + dG[U](w2)+ |[w2,U]|
≤ |U| − |N(w)| + |[w1,U]| + |U| − |N(w)| + |[w2,U]|
= 2|U| − 2|N(w)| + |[w1,U]| + |[w2,U]|
≤ n− 2
(⌊
n+ 2
4
⌋
+ 1
)
+ |[w1,U]| + |[w2,U]|.
It follows that
|[w1,U]| + |[w2,U]| ≥ 2. (2.4)
If |N(w)\(I1(v)∪{u})| 6= 1, then by (2.4),wehave that |N(w)\(I1(v)∪{u})| ≤ |[N(w)\(I1(v)∪{u}),U]| ≤ |[N(w)\I1(v),U]|.
If |N(w) \ (I1(v) ∪ {u})| = 1, then by (2.4), we have that |N(w) \ (I1(v) ∪ {u})| ≤ |[N(w) \ I1(v),U]| − 1. Therefore,
|N(w) \ (I1(v) ∪ {u})| ≤ |[N(w) \ I1(v),U]|. (2.5)
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Consider the vertex set I1(v) ∩ N(w). Suppose there exists a vertex y ∈ I1(v) ∩ N(w) such that |[y,U]| = 1. Since G
is triangle-free, we have that N(w) ∩ N(y) = ∅. Combining this with (2.1), |[y,U]| = 1 and |U| ≤ n2 , we can deduce that
n
2 < 2b n+24 c + 1 ≤ |N(w)| + |NG[U](y)| ≤ |U| ≤ n2 , a contradiction.
Note that |[x,U]| ≥ 1 for any x ∈ I1(v) ∩ N(w). So |[x,U]| ≥ 2 for any x ∈ I1(v) ∩ N(w). This implies that
2|I1(v) ∩ N(w)| ≤ |[I1(v) ∩ N(w),U]|. Combining this with (2.2), (2.3) and (2.5), we can deduce that
|[{u, v},U \ {u, v}]| = |I1(u)| + |I2(u)| + |I1(v)| + |I2(v)|
≤ |I1(u)| + |I1(v)| + n− 24 − |I1(v) \ N(w)| − |I1(u)|
≤ |I1(v)| + |N(w) \ {u}| − |I1(v) \ N(w)|
= |N(w) \ {u}| + |I1(v) ∩ N(w)|
= |N(w) \ (I1(v) ∪ {u})| + 2|I1(v) ∩ N(w)|
≤ |[N(w) \ I1(v),U]| + |[I1(v) ∩ N(w),U]|
= |[N(w),U]| ≤ |[U,U]|.
By Lemma 2.2, G is λ′-optimal. The proof is completed. 
Remark 2.4. The following example shows that the lower bound in Theorem 2.3 is best possible. Let Hi (i = 1, 2) be a
complete bipartite graph with the bipartition (Xi, Yi) = ({x(i,1), x(i,2), . . . , x(i,p)}, {y(i,1), y(i,2), . . . , y(i,p+1)}), where p ≥ 2,
and let G be the disjoint union of H1 and H2 together with the edge set S = {y(1,j)y(2,j) : j = 1, 2, . . . , p+ 1}. Clearly, G is a
bipartite graph of order n = 4p + 2, and d(x) = p + 1 for each x ∈ V (G), and d(u) + d(v) = 2p + 2 = 2b n(G)+24 c for each
pair u, v ∈ V (G)with dist(u, v) = 2. However, ξ(G) = 2p and λ′(G) ≤ p+ 1, thus G is not λ′-optimal.
3. λk-optimality in triangle-free graphs
We first prove a lemma regarding the conditions for a triangle-free graph to be λk-connected.
Lemma 3.1. Let k be a positive integer and let G be a connected triangle-free graph of order n ≥ 2k. If
|N(u) ∩ N(v)| ≥ k
for each pair of vertices u, v with dist(u, v) = 2, then G is λk-connected and λk(G) ≤ ξk(G).
Proof. Clearly, the result is true when k = 1. Suppose that k ≥ 2. LetW be a set of k vertices such that G[W ] is connected
and |[W ,W ]| = ξk(G) and let G0 be an arbitrary component of G[W ]. We shall prove that |V (G0)| ≥ k. Since G is connected,
there exist two vertices u ∈ V (G0), u1 ∈ W such that u is adjacent to u1. Combining the connectedness of G[W ] with
|W | = k ≥ 2, we have that dG[W ](u1) ≥ 1. Let v ∈ N(u1) ∩W . From the fact that G is triangle-free, it follows that v is not
adjacent to u. Therefore, dist(u, v) = 2. By assumption, |N(u) ∩ N(v)| ≥ k. It is easy to see that N(u) ∩ N(v) ⊆ V (G0) ∪W .
DenoteN(u)∩N(v)∩V (G0) = V0,N(u)∩N(v)∩W = W0. Then |V0|+|W0| = |N(u)∩N(v)| ≥ k and u1 ∈ W0, v ∈ W \W0.
It follows that |V0| ≥ k− |W0| ≥ k− |W − {v}| = 1. Let u2 ∈ V0. Combining the definition of V0 andW0 with the fact that
G is triangle-free, we have that N(u2) ∩ V0 = ∅,N(u1) ∩W0 = ∅ and dist(u1, u2) = 2. Thus,
k ≤ |N(u1) ∩ N(u2)|
= |N(u1) ∩ N(u2) ∩ V (G0)| + |N(u1) ∩ N(u2) ∩W |
= |N(u1) ∩ N(u2) ∩ (V (G0) \ V0)| + |N(u1) ∩ N(u2) ∩ (W \W0)|
≤ |(V (G0) \ V0)| + |W \W0|
= |V (G0)| + |W | − |V0| − |W0|
≤ |V (G0)|.
Therefore, [U,U] is a k-restricted edge cut of G, and λk(G) ≤ ξk(G). The proof is completed. 
Lemma 3.2. Let G be a λk-connected triangle-free graph, and let U be a λk-fragment. If λk(G) < ξk(G), then the set U∗ = {v ∈
U : |[v,U]| ≤ k−12 } is not empty.
Proof. LetW be a vertex set of k vertices in U satisfying the following conditions:
(i) G[W ] is connected;
(ii) f (W ) = max{|[v,W ]| : v ∈ U \W } is as small as possible; denote the number by f0;
(iii) g(W ) = |{v : v ∈ U \W , |[v,W ]| = f0}| is as small as possible; denote the number by g0.
Since λk(G) < ξk(G), we have U \W 6= ∅. Consider the following two cases.
Case 1. f0 ≤ k2 .
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In this case, for any v ∈ U \W , we have that |[v,W ]| ≤ k2 . This implies that
|[W ,U \W ]| =
∑
v∈U\W
|[v,W ]| ≤ k
2
|U \W |. (3.1)
We shall show that there is a vertex v ∈ U \W such that |[v,U]| ≤ k−12 . Suppose to the contrary that |[v,U]| ≥ k2 holds
for any v ∈ U \ W . It follows that |[U \ W ,U]| = ∑v∈U\W |[v,U]| ≥ k2 |U \ W |. Combining this with (3.1), we have that
|[W ,U \W ]| ≤ |[U \W ,U]|. By Lemma 2.2, ξk(G) ≤ λk(G), which contradicts λk(G) < ξk(G).
Case 2. f0 > k2 .
Let u be a vertex in U \ W such that |[u,W ]| = f0. Since G is triangle-free, N(u) ∩ W is an independent set of
G. Let T be a spanning tree of G[W ], and let S = {w : w ∈ N(u) ∩ W , dT (w) = 1}. Clearly, the edge number
ε(T ) = k − 1 ≥ 2(|N(u) ∩ W | − |S|) + |S| = 2f0 − |S| > k − |S|, and hence |S| > 1. Let w be a vertex of S, and let
W ′ = W − {w} + {u}. Therefore, G[W ′] is connected and |W ′| = k. Since G is triangle-free, N(w) ∩ N(u) = ∅. It follows
that |N(w) ∩W | ≤ |W | − |N(u) ∩W | < k− k2 = k2 . Note that |N(w) ∩W | is an integer. By the choice ofw, we have that
|N(w) ∩W ′| = |N(w) ∩W | + 1 ≤
⌈
k
2
⌉
. (3.2)
Suppose that f0 = k+12 . By the definition of f0, we have that |[W ,U \ W ]| ≤ f0|U \ W | = k+12 |U \ W |. Assume that
|[v,U]| ≥ k2 holds for any v ∈ U \W . Note that f0 is an integer. We can deduce that k is odd. Thus, |[v,U]| ≥ k+12 holds for
any v ∈ U \W . It follows that |[U \W ,U]| =∑v∈U\W |[v,U]| ≥ k+12 |U \W |. Therefore, |[W ,U \W ]| ≤ |[U \W ,U]|. By
Lemma 2.2, ξk(G) ≤ λk(G), which contradicts λk(G) < ξk(G). Therefore,
f0 >
k+ 1
2
. (3.3)
Combining this with (3.2), we have that
|N(w) ∩W ′| < f0. (3.4)
Let v be a vertex in U \ (W ∪{u}). If uv ∈ E(G), then, since G is triangle-free, we have that N(u)∩N(v) = ∅. This implies
that |N(v) ∩W | ≤ |W | − |N(u) ∩W | = k− f0 < k2 . Combining this with (3.3), we have that
|[v,W ′]| = |[v,W ]| + 1 = |N(v) ∩W | + 1 < k
2
+ 1 ≤ f0. (3.5)
If uv 6∈ E(G), then
|[v,W ′]| ≤ |[v,W ]|. (3.6)
Combining (3.4), (3.5), and (3.6) with the definition of f0, we can conclude that
(a) if g0 = 1, then f (W ′) < f0, which contradicts condition (ii);
(b) if g0 ≥ 2, then f (W ′) = f0 and g(W ′) = g0 − 1, which contradicts condition (iii).
The proof is completed. 
The following theorems are useful to prove Theorem 3.6.
Theorem 3.3 ([16]). If G is a connected graph of diameter less than or equal to 2, then λ(G) = ξ(G).
Theorem 3.4 ([4, Theorem 5.3, p. 74]). In a bipartite graph, the number of edges in a maximummatching is equal to the covering
number.
Theorem 3.5 ([4, Corollary 7.1, p. 101]). Let G be a graph of order n, and let α(G) and β(G) be the independence number and
the covering number. Then α(G)+ β(G) = n.
Theorem 3.6. Let k be a positive integer, and let G be a triangle-free graph of order n ≥ 2k. If
N(u) ∩ N(v) ≥ k
for each pair of nonadjacent vertices u, v ∈ V (G), then G is λk-optimal.
Proof. When k ≤ 2, by Theorems 3.3 and 1.1, G is λk-optimal. Assume that k ≥ 3. By the assumption that N(u) ∩ N(v) ≥ k
for each pair of nonadjacent vertices u, v ∈ V (G), we can deduce that G is connected. By Lemma 3.1, G is λk-connected and
λk(G) ≤ ξk(G).
We shall prove that λk(G) ≥ ξk(G). Suppose to the contrary that λk(G) < ξk(G). Let U be a λk-fragment. Clearly,
|U| ≥ k + 1. By Lemma 3.2, the set U∗ = {v ∈ U : |[v,U]| ≤ k−12 } 6= ∅,U
∗ = {v ∈ U : |[v,U]| ≤ k−12 } 6= ∅. Let u
be an arbitrary element in U∗ and v an arbitrary element in U∗.
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Claim 1. u is adjacent to v.
Otherwise, by assumption, we have that
k ≤ |N(u) ∩ N(v)|
= |N(u) ∩ N(v) ∩ U| + |N(u) ∩ N(v) ∩ U|
≤ |N(v) ∩ U| + |N(u) ∩ U|
≤ 2k− 1
2
= k− 1,
a contradiction. The proof of Claim 1 is completed.
Claim 2. |U∗| ≤ k−12 .
Let v ∈ U∗. Then, by Claim 1, we have thatU∗ ⊆ N(v). It follows thatU∗ ⊆ N(v)∩U , and hence |U∗| ≤ |N(v)∩U| ≤ k−12 .
The proof of Claim 2 is completed.
Combining Claim 1 with the fact that G is triangle-free, it can be deduced that U∗ is an independent set of G. We consider
the following two cases.
Case 1. There is a vertex u ∈ U∗ such that |U \ (N(u) ∩ U)| ≥ b k2c.
SinceU∗ is an independent set ofG, we can deduce thatU∗ ⊆ U\(N(u)∩U). By Claim2, there exists a setU0 ⊆ U\(N(u)∩
U) such that U∗ ⊆ U0 and |U0| = b k2c. Let U0 = {u1, u2, . . . , ub k2 c} and u1 = u. Clearly, u1 is not adjacent to any vertex in
U0 \{u1}. By assumption, we have that |N(u1)∩N(ui)∩U| = |N(u1)∩N(ui)|−|N(u1)∩N(ui)∩U| ≥ k−|N(u1)∩U| ≥ k+12
for i = 2, . . . , b k2c. Therefore, there exists a vertex set U1 = {v1, v2, . . . , vd k2 e} such that vi ∈ N(u1) ∩ N(ui+1) ∩ U for
i = 1, . . . , b k2c − 1 and vb k2 c, vd k2 e ∈ N(u1) ∩ N(ub k2 c) ∩ U . LetW = U0 ∪ U1. Clearly, G[W ] is connected.
We shall show that the independent number α(G[W ]) ≤ d k2e. Let H = G[W ] − E(G[U0]). Then H is a bipartite graph
with bipartition (U0,U1). Clearly, the edge set {uivi−1 : i = 2, . . . , b k2c} ∪ {u1vb k2 c} is a maximum matching of H (define
{uivi−1 : i = 2, . . . , b k2c} = ∅when k = 3). By Theorems 3.4 and 3.5, we have that α(H) = |V (H)| − b k2c = d k2e. It follows
that
α(G[W ]) ≤ α(H) =
⌈
k
2
⌉
. (3.7)
Let v be an arbitrary vertex of U \W . Since G is triangle-free, we have that N(v)∩W is an independent set of G. By (3.7),
we have that |N(v)∩W | ≤ d k2e. It follows that |[W ,U \W ]| =
∑
v∈U\W |N(v)∩W | ≤ d k2e|U \W |. On the other hand, since
U∗ ⊆ U0, we have that |N(v)∩U| ≥ d k2e for any v ∈ U \W . It follows that |[U \W ,U]| =
∑
v∈U\W |N(v)∩U| ≥ d k2e|U \W |.
Therefore, |[W ,U \W ]| ≤ |[U \W ,U]|. By Lemma 2.2, ξk(G) ≤ λk(G), contradicting λk(G) < ξk(G).
Case 2. |U \ (N(u) ∩ U)| < b k2c for any u ∈ U∗.
Let u be an arbitrary vertex of U∗, and let U0 = U \ (N(u)∩U). Note that U∗ is an independent set of G and u ∈ U∗. By the
definition of U0,U∗ ⊆ U0. Let U0 = {u1, u2, . . . , ut} and u1 = u. Since u1 is not adjacent to any ui for i = 2, . . . , t , it follows
that |N(u1) ∩ N(ui) ∩ U| ≥ k− |N(u1) ∩ U| ≥ k− k−12 = k+12 . Therefore, there exists a vertex set U11 = {v1, v2, . . . , vt−1}
such that vi ∈ N(u1) ∩ N(ui+1) ∩ U for i = 1, 2, . . . , t − 1. Clearly, U11 ⊆ N(u) ∩ U . By assumption, it can be deduced
that δ(G) ≥ k. Therefore, |N(u) ∩ U| = d(u) − |N(u) ∩ U| ≥ δ(G) − |[u,U]| ≥ k − k−12 = k+12 . This implies that there
exists a vertex set U1 ⊆ N(u) ∩ U such that |U1| = d k2e and U11 ⊂ U1. It is easy to see that G[U0 ∪ U1] is a connected graph
and |U0 ∪ U1| < k. Since G[U] is a connected graph with order |U| ≥ k + 1, there exists a vertex set W ⊂ U such that
U0 ∪ U1 ⊂ W , |W | = k and G[W ] is connected. Let v be an arbitrary vertex in U \W . Then, by U0 = U \ (N(u) ∩ U) ⊂ W ,
we have that v ∈ N(u) ∩ U . Since G is triangle-free, it follows that v is not adjacent to any vertex in N(u) ∩ U , and
hence v is not adjacent to any vertex in U1. This implies that |[v,W ]| ≤ |W | − |U1| = k − d k2e = b k2c. Therefore,
|[W ,U \ W ]| = ∑v∈U\W |[v,W ]| ≤ b k2c|U \ W |. On the other hand, since U∗ ⊆ U0, we have that |N(v) ∩ U| ≥ d k2e
for any v ∈ U \W . It follows that |[U \W ,U]| =∑v∈U\W |N(v)∩U| ≥ d k2e|U \W |. Therefore, |[W ,U \W ]| ≤ |[U \W ,U]|.
By Lemma 2.2, ξk(G) ≤ λk(G), contradicting λk(G) < ξk(G). The proof is completed. 
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